
Journal of Mathematical Behavior 24 (2005) 302–324

The evolution of mathematical explorations in open-ended
problem-solving situations

Victor V. Cifarelli a,∗, Jinfa Caib

a Department of Mathematics, University of North Carolina at Charlotte, Charlotte, NC 28223-0001, USA
b Department of Mathematical Sciences, University of Delaware, Newark, DE 19716, USA

Available online 4 October 2005

Abstract

Results from an earlier study conducted by the researchers [Cai, J., & Cifarelli, V.V. (2005). Exploring mathematical exploration:
How two college students formulated and solved their own mathematical problems?Focus on Learning Problems in Mathematics,
27(3), 43–72] illustrated and explained several characteristics of the solvers’ mathematical explorations in open-ended problem
situations. The current study continues our efforts to understand this important process by extending the results of the earlier study
in two ways. First, the analysis broadens the scope of the original study by examining the solver’s mathematical exploration across
a pair of open-ended tasks, the Billiard Ball and Number Array tasks. This enabled us to determine if the results of the earlier study
could be replicated and if the consistency of general processes of mathematical exploration processes could be confirmed across
different problem tasks and contexts. Second, the results build on the findings of the earlier study by refinement and clarification
of the individual processes found in the earlier study. In these ways, the results of the original study are generalized and there is
refinement of the individual processes that were identified.
© 2005 Elsevier Inc. All rights reserved.
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The mathematics education community has taken the position that observation, experiment, discovery and conjecture
are as much a part of the practice of mathematics as of any natural science and that our school mathematics curriculum
needs to be representative of that position (NCTM, 1989, 2000). For example, the National Council of Teachers
of Mathematics has advocated that “the very essence of studying mathematics is itself an exercise in exploring,
conjecturing, examining and testing, all aspects of problem solving. Students should be given opportunities to formulate
problems from given situations and to create new problems by modifying the conditions of given problems” (NCTM,
1989, p. 95).

Various theoretical accounts of mathematics reasoning and problem solving have focused on the solver’s use of one
or more of these processes as he/she solves well-structured problems, in which the expectations made on the solver
are explicitly stated within the problem statements. In contrast, our research interests focus on how solvers explore
and develop their mathematical activity in open-ended problem situations. In these situations, some aspect of the task
is unspecified and requires that the solver re-formulate the problem statements in order to develop solution activity.
We are interested in developing detailed analyses of the solver’s actions to solve such problems, including the solver’s
initial interpretations and sense-making of the problem situation, the development of appropriate goals of action, and
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the carrying out of solution activity. We refer to the solver’s on-going engagement in such sustained solution activity
as the solver’smathematical exploration.

We prefer the use of the term mathematical exploration over other terms to describe novel solution activity because
of the rich meanings and situations that exploration suggests. For example, researchers have used the term mathematical
investigation to explain the formal aspects of a solver’s solution activity (e.g., the solver demonstrating the components
of scientific method in their reasoning). In contrast, we have observed that solvers exploring novel problem situa-
tions often experience a sense of excitement as discoveries are made and new ideas are developed. This experiential
phenomenon includes both the solver’s high level of problem engagement or motivation as well as a commitment
to developing and achieving problem-solving goals. Furthermore, solvers engaged in mathematical exploration may
informally experiment with potentially useful ideas that may contribute to the development of formal solutions. Thus,
our view of mathematical explorations recognizes the importance of both formal and informal solution activity.

In an earlier study (Cai & Cifarelli, 2005), we examined the mathematical explorations of two college students as
they solved an open-ended computer simulation task that involved the path of a Billiard Ball. While the findings were
not exhaustive, they did suggest several issues that helped frame the next phase of our research in this area. For example,
we identified two different levels of reasoning strategies, hypothesis-driven and data-driven, that students appeared to
incorporate in their development of solution activity. A specific issue related to this finding is whether these categories
of processes adequately explain mathematical exploration processes in other tasks and problem contexts.

Our on-going work in problem solving is to develop a model of the solvers’ general exploration processes. The
current study is part of this overall effort and is an extension of the earlier study. In particular, the current study extends
the earlier study in the following ways. First, the current study broadened the context of the original study by examining
solvers’ mathematical explorations across a pair of open-ended tasks: the original Billiard Ball computer simulation
as well as a new problem task that required the students to develop mathematical relationships from a square array
of integers. By examining the solvers’ mathematical explorations in two different tasks we were able to extend the
findings of the earlier study by replicating the initial findings and, thus, provide some robustness to the earlier results.
The confirmation of our earlier findings in the current study is especially important given the nature of the qualitative
assessments we made in the original study. Second, the current study extends the results of the earlier study by evaluating
the general consistency of our overall model across tasks that are quite different from one another and require different
demands on the students’ mathematical knowledge. Hence, the findings of the current study will provide the basis for
updating our original findings and suggesting a general model of mathematical exploration processes.

1. Theoretical framework and related literature

Our view of mathematics learning is supported by a broad-based view of problem solving that considers both the
formal and informal actions of solvers. Some studies of problem solving have taken a more restricted position on
what counts as problem-solving activity by focusing on the solver’s use of formal strategies to complete mathematical
tasks. In contrast, we view problem solving as “what it is you do when you don’t know what to do” (Sowder, 1985,
p. 141). This definition of problem solving is suitable for our focus on open-ended problem solving for the following
reasons. First, this definition describes the most primary of sense-making and understanding levels, and thus, allows
us to focus on the solver’s on-going construction of new mathematical knowledge, proceeding from the solver’s initial
sense-making within the problem situation, through the development and implementation of formal solution strategies.
Second, it captures the sense of cognitive “struggle” and “grappling” that we have inferred from our own students’
actions as they try to solve new problems in unfamiliar settings. Hence, a primary research interest involves how the
solver begins to organize or give structure to her or his actions, in order to develop appropriate goals upon which
solution activity can be developed.

We are especially interested in examining the solver’s conceptual progress in open-ended problem situations, where
sustained problem posing and re-formulation are required in order to develop a solution.Sumara (1996)described
the intellectual freedom that solvers experience in open-ended problem situations as an enabling constraint: while the
solver may see no immediate way to solve the problem, the solver is also free from confining constraints (such as
the influence of inappropriate prior experiences and biases) and may be more likely to “see” and consider novel ideas
and approaches that may eventually lead to a solution. For example, provisional reasoning is one way that the solver
may “open up” her or his actions and contemplate novel approaches in problem situations. Specifically, in trying to
make progress towards a solution, the solver may reformulate the original problem statements and reason heuristically
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among different courses of action to pursue and then test the usefulness of each strategy rather than limiting her or his
focus to a single approach.

While there has been limited research on open-ended problem solving, the research on the cognitive processes
involved in ill-structured problem solving provided some useful suggestions concerning the ways that mathemati-
cal tasks can be used to induce open-ended problem-solving situations within our subjects. Ill-structured problems
(Kilpatrick, 1987; Schoenfeld, 1985; Simon, 1973) are described by tasks that “lack a clear formulation, or a specific
procedure that will guarantee a solution, and criteria for determining when a solution has been achieved” (Kilpatrick,
1987, p. 134). For example, the problem statement may not contain suggestive cues to prompt the solver, such as an
explicit question for the solver to address. Alternatively, the problem statements might make possible a variety of inter-
pretations, each of which may suggest to the solver particular approaches to pursue. In each of these cases, it becomes
part of the “solver’s problem” to re-define or transform the initial problem statements into more familiar terms. Hence,
ill-structured problems are open-ended in the sense that the solver must engage in additional problem definition and
formulation in order to proceed. In contrast, well-structured problems describe tasks that contain sufficient information
for the solver to develop solution activity. Examples of well-structured tasks include the various types of word problems
found in most High School Algebra textbooks.

We believe that as researchers, it is important for us to consider the solvers’ point of view as they become engaged
in problematic situations. Hence, the distinction between ill-structured and well-structured problems is useful to make,
in our opinion, because it distinguishes problems that we might describe as minor and closed (in the sense that the
solver already has some relevant information to act upon and can proceed towards a solution) from more major and
open-ended problems (in which the solver has to start from “scratch” to develop a foundational understanding in order
to proceed). Furthermore, we believe that solvers develop their mathematical novelty in problem solving that is often
more open-ended than well structured.

In providing this characterization of open-ended activity, we are mindful of those who advocate the use of open-
ended problem tasks as part of an instructional plan for teaching problem solving (Becker & Shimada, 1997). While we
recognize the potentially rich environments these kinds of tasks make possible, our theoretical focus is more centered
on the openness of the solver’s activity (e.g., how solvers “see” and interpret the problem situation and how they extend
their conceptual boundaries as they formulate goals and purposes).

In our individual studies of problem solving, we have made use of tasks that we believe will induce open-ended
problem situations for our subjects (Cai, 1995; Cai & Cifarelli, 2005; Cifarelli, 1998). We believe that such tasks need
to provide appropriate opportunities for the solver to formulate novel relationships to explore. Nevertheless, we are
aware of the fact that open-ended problems possess a conceptual “slipperiness” for solvers: the nature of what the
solver interprets as problematic may change as the solver develops understanding and “gets a handle” on the problem.
Hence, the processes that are of interest to us include both the solver’s initial problem formulation as well as subsequent
problem re-formulations that the solver sees fit to generate as solution activity unfolds.

2. Goals and purposes

Our studies of problem solving are designed with several research questions in mind. With the results of each study
that we conduct, we look to continually deepen our understanding of problem-solving processes. The current study was
designed to extend the findings of the original study by broadening the scope of our analysis to include new problem
tasks and settings. Since the current investigation involves case studies from a pair of students, we need to be cautious
in the claims that we make from the analysis of such case studies. Nevertheless, our in-depth focus on the solvers’
solution activity helped us further develop our theoretical explanation of the individual processes that we identified in
the original study (Cai & Cifarelli, 2005).

These goals are consistent with our long-term goal of explaining the processes that constitute the mathematical
exploration processes of solvers. We include these questions here with brief discussion of how we view the current
study as extending the results of our earlier studies.

2.1. How do solvers structure and make sense of the problem situations they face?

In our earlier study (Cai & Cifarelli, 2005), we found that the solvers demonstrated problem posing–solving chains
in their mathematical explorations, a recursive process within which solvers made frequent use of both “what-if” and
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“what-if-not” approaches to formulate their problems. While these results are compatible with the research literature
on how solvers structure and organize their experiences as they develop mathematical understanding (Kieran & Pirie,
1991) and the role that general problem-posing strategies plays in this development (Brown & Walter, 1993; Silver,
1994; Silver & Cai, 1996), we believe that these are very general distinctions. The current study will enable us to
elaborate and refine these categories, and also determine if there are other solution strategies that the solvers might use
in developing their mathematical explorations.

2.2. How do solvers develop their initial ideas and intuitions into conjectures and goals for action?

Our initial findings suggest that this developmental process is far more complex than we anticipated and that we
needed to improve on our analysis of the qualitative processes that contribute to solution activity. For example, in our
earlier study, we found that having very refined goals in one’s initial problem formulations did not guarantee that the
solver would eventually develop mathematically sophisticated knowledge. The implication of this finding is that the
solver may develop ideas into specific solution actions without ever considering the usefulness or level of efficacy of the
actions. This indicated to us the need to broaden our focus and consider qualitative aspects of solution activity, with the
belief that our model needed to better account for and explain the process of abstraction in the solvers’ developmental
actions.

In our earlier study, we used the classifications of hypothesis-driven and data-driven reasoning to initially con-
sider the issue of abstraction, as a means to discuss and explain qualitative differences between the students in the
conceptual advances they made. In particular, we characterized solution activity as reflecting a data-driven strategy
when the solver operated within a fairly closed conceptual framework, relying on the need to generate many con-
crete examples on which to base his actions and determine new relationships. In contrast, we characterized solution
activity as reflecting a hypothesis-driven strategy when the solver operated within a more open conceptual orien-
tation, in which the solver sees the usefulness of projecting ideas into new situations, even if she or he could not
be sure of where the results would lead. The current study will help extend these findings in the following way.
While the hypothesis-driven and data-driven strategies that were identified appear to be useful classifications for
analyzing the mathematical explorations of solvers, the current study will extend these results by examining the
solvers’ explorations across different problem tasks. This will enable us to determine if there are any other major
categories of strategies that differ from these examples, or if there are sub-categories of either of these classifica-
tions.

2.3. How do solvers continually monitor and modify their problem-solving actions in open-ended problem
situations?

In our studies, we have examined this question with a view to developing explanations of how problem posing
and solving may co-evolve in the course of solution activity. This particular issue has been identified as an important
research problem even though findings about the nature of the connections have proven to be elusive to document in
experimental studies (Silver, 1994). In the initial study we found general connections between posing and solving. For
example, we found that a student’s hypothesis-driven activity indicated an important way that solvers may “open up”
their reflective gaze to consider and assess new ideas for usefulness while in the process of solving problems. In this
way, the solver’s self-generated problem-posing actions may provide new learning opportunities to extend and deepen
her or his understanding of the formal mathematical relationships underlying the task. This characterization of the
solver’s problem solving as linked to mathematics learning is consistent with the research on how solvers incorporate
problem-posing strategies into their solution activity (Brown & Walter, 1993; Silver, 1994; Silver & Cai, 1996) and how
subsequent problem solving can contribute to the solvers’ development of autonomous actions (McGuinn & Boote,
2003). But there are additional questions to explore. In the original study, we made no distinction between situations
where the solver’s actions merely elaborated the current exploration and situations where the solver appeared to re-
formulate the problem and adopt a new perspective on the explorations. There is a need to clarify and explain this
process. The current study will help provide some answers to this question by examining the solvers’ explorations across
a pair of open-ended tasks, thus giving us an opportunity to examine problem solving across open-ended situations
that are of different structure and context.



306 V.V. Cifarelli, J. Cai / Journal of Mathematical Behavior 24 (2005) 302–324

In addressing these questions, the current study enabled us to get some confirmation of the processes identified in the
earlier findings and thereby deepen our understanding of the overall mathematical exploration processes themselves,
and thus, contribute to our on-going evolution of the model.

3. Methodology

3.1. Subjects

The subjects of the study were two secondary mathematics education majors, one a student in the junior year (Gavin)
and the other a graduate student in the Masters Program (Sarah). Observing college students solving mathematics
problems can be an effective way of modeling the processes of problem solving (Carlson, 1998; Eizenberg & Zaslavsky,
2004; Mamona-Downs, 2001; McGuinn & Boote, 2003; Schoenfeld, 1992; Weber, 2001). From our standpoint, the
advantage of studying the problem-solving actions of college students is that it enables us to observe and explain a
broad range of reasoning and problem-solving actions.

3.2. Problem-solving tasks

Students were interviewed and videotaped as they solved a pair of open-ended mathematics problems: the Billiard
Ball task and the Number Array task. The students worked individually as they solved the problems and were given as
much time as they wished to complete each task. These tasks are described in the following sections.

3.2.1. Billiard Ball task
BOUNCE is a computer program that simulates the path of a billiard ball on a pool table having certain dimensions.

The ball starts from the upper left-hand corner and travels at an angle of 45◦ at a gradient of 1. After BOUNCE has
been loaded, a prompt appears on the screen, asking the subject to enter the dimensions of the particular table they
wish to examine. Once numbers for the height (h) and width (w) of the table are entered, the screen will show the path
of a ball on the table. The bottom of the screen displays the dimensions of height and width, number of bounces, the
length of the path, and the corner in which the ball finished.1 The case of a table having dimensionsh = 2 ft by w = 8 ft
is shown inFig. 1. In addition to computing the data for individual paths, BOUNCE will tabulate and maintain a record
the results of the cases that are investigated by the user (Fig. 2).

Fig. 1. An example of the computer screen having dimensions height = 2 and width = 8.

The task structure of BOUNCE contains several distinctive properties, including relationships between the
dimensions of the tables and the number of bounces, the location of the final pocket, the path length or number of
squares passed through by the ball on its path. The operating format of BOUNCE allowed the subjects to explore
various relationships between or among these variables. For example, subjects could input values for the height
and width of a particular table and explore the relationships between the table’s dimensions and the number of
bounces. Hence, subjects could easily generate many trials to explore and analyze. In addition, the subjects’ results
are immediately available to them in table form, to aid their reflections as they contemplate new explorations. Finally,

1 The number of bounces includes the initial contact of the “pool stick” to set the ball in motion. For example, the case of a 2× 8 table provided
in Fig. 1 has five bounces: the initial hit followed by three “banks” and a final hit when the ball lands in the upper right corner pocket. The path
length is the number of squares passed through by the ball on its path. In the case of a 2× 8 table, the path length is 8.
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Fig. 2. An example of the computer screen for a table of 10 cases.

and most importantly, BOUNCE provided the subjects with freedom and control over their problem-solving actions,
ensuring that they were able to explore the viability of their evolving conjectures.

3.2.2. Number Array task
The Number Array task requires subjects to generate mathematical relationships from a square array of integers

(Fig. 3). Working within the Number Array task provided the subjects with opportunities to explore a variety of
situations, from which they were able to develop mathematical relationships. For example, the subjects could explore
relationships about the spatial array of the numbers. In addition, the subjects could perform arithmetic operations such
as addition and multiplication on the numbers of the array, and generate interesting sequences of numbers from their
operations.

The two tasks give rise to different kinds of opportunities for exploration. The Billiard Ball task is dominated
by a physical process or action (the course of the ball) that overlays a basic configuration (the rectangular table). In
contrast, the Number Array task includes no such physical characteristic. In this way, the Billiard Ball task seems to
have a “real-life” property, whereas the Number Array task seems more “mathematical”. In addition, the presence
of the computer tool in the Billiard Ball task is highly directive in suggesting what overall issues the student should
be considering. We noted that this task characteristic, together with the ease of generating results for specific cases
through the computer, might influence the solver’s explorative behavior. In contrast, the Number Array task appears to
contain fewer directives and thus, offers more immediate channels for the solver to access in order to explore properties
of the natural numbers. Nevertheless, we view both tasks as open problem-solving situations that provide solvers with
opportunities for rich exploration.

Fig. 3. Number Array task.
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3.3. Data collection and analysis

The data used in the analysis consisted of the videotaped protocols, the researchers’ field notes, and the subjects’
written work. Written transcriptions of the videotapes were generated and verbal protocol analytic techniques were
used in the analysis (Ericsson & Simon, 1980).

The analysis proceeded in the following phases. First, the protocols were segmented intoepisodes of solution activity
andtransition points between episodes (Schoenfeld, 1985). An episode consists of a set of the solver’s individual actions,
oriented towards a goal or purpose. Transitions involve solution activity where the solver has appeared to change her or
his goals and purposes. According toSchoenfeld (1985), organizing the solver’s solution activity in terms of episodes
and transitions helps the researcher identify solution activity where the solver may be making conceptual progress
towards a solution. Each episode was documented by the set of verbal comments made by the solver, indicating both
the solver’s goal as well as the subsequent actions initiated to achieve the goal. Transition points between episodes
were indicated. Second, in order to address shifts in the solver’s problem-posing and problem-solving actions, each
episode was examined to identify instances of problem formulation or re-formulation, problem solving, and solution
verification. Finally, our review of the research on mathematical problem solving suggested a need to document both
quantitative and qualitative aspects of solution activity.

Since a goal of the study was to document the different ways that solvers choose to structure and organize their actions
in open-ended problem-solving situations, we were especially interested in the student’s interpretations and evolving
conceptualizations. In this way we make a distinction between the open-ended task structure of the Billiard Ball and
Number Array tasks and the openness of the solvers’ solution activity, with the latter designation encompassing the
ways that the solvers evolved and extended their problem-solving activity based on their interpretations of the situation.

We hypothesized that problem solving in open-ended tasks such as these involve varying degrees of problem posing
and solving that occurs in an on-going fashion: problem posing in the sense that the solver’s interpretations help
formulate and give meaning to the tasks and suggest to the solver appropriate goals of action to develop and pursue;
and problem solving in the sense that once goals are developed, the solver shifts her or his focus to the carrying out
of action designed to achieve the goals. Furthermore, we believe this process to be recursive in nature, with each
self-generated question indicating acts of problem posing that the solver initiates, which helps to frame and structure
their subsequent actions. Reflections on carried out actions may stimulate the solver to generate additional questions
to examine and explore, thus beginning the process anew. Hence, we have compiled and organized the data to address
each of these important phases of the solvers’ problem solving. The following sections discuss the solution activity of
students Sarah and Gavin as they solved the Billiard Ball and Number Array tasks.

4. Results

Table 1contains a summary of quantitative measures of each solver’s solution activity, including the solver’s time
spent on each task; the number of self-generated problems that each solver explored; the number of particular cases that
each solver generated and operated upon; and the number of mathematical relationships that each solver constructed.

Self-generated problems refer to the particular sets of goals and purposes generated by each solver as inferred by
the researchers. In this way, we focus on the sense-making and problem-posing actions of the solvers. For example,
Gavin’s initial goal was to explore the Billiard Ball task in terms of some simple cases of odd–even table dimensions
and on the basis of these simple cases, he made inferences about relationships between the number of Bounces and
the table’s dimensions. In contrast, Sarah’s initial exploration of the problem involved generating cases corresponding
to several sets of table dimensions, using the table feature of BOUNCE to compile the data, upon which she made her
initial inferences and conjectures. Her initial actions were based on the idea that she could find a formula that would
give both the number of Bounces as well as the path Length in terms of the table dimensions.

These individual differences in problem posing in the Billiard Ball task did not appear to be overly significant. Both
solvers came up with similar rules for the number of Bounces and both considered such cases as odd–even dimensions
and when one dimension is a multiple of the other. However, in solving the Number Array problem, Sarah appeared
to pose problems that were more mathematically sophisticated than those posed by Gavin. In particular, she generated
novel sequences of numbers and then explored relationships between the numbers of the sequence and sums of groups
of numbers in the array. In contrast, Gavin never focused on quantities other than simple configurations of numbers in
the array and hence, was less mathematically sophisticated in his problem posing than Sarah.



V.V. Cifarelli, J. Cai / Journal of Mathematical Behavior 24 (2005) 302–324 309

Table 1
Quantitative measures of performance

Processes Task Sarah Gavin

Time Billiard Ball 75 65
Number Array 90 74

Self-generated problems Billiard Ball 4 9
Number Array 4 3
Total 8 12

Cases generated Billiard Ball 17 21
Number Array 18 12
Total 35 33

Mathematical relationships Billiard Ball 11 6
Number Array 19 8
Total 30 14

Cases generated refer to the particular cases that each solver generated in order to explore their self-generated
problems. The solvers differed in their individual approaches as they generated cases to explore. In particular, Gavin
was systematic in developing his cases while Sarah appeared to demonstrate a more random approach in her generation
of cases.

Mathematical relationships refer to the researchers’ inferences of the results of the solvers’ explorations. In most
cases, the solvers made explicit statements of the particular relationships that they each had developed. We view the
formal relationships that each solver developed as examples of problem solving.

An examination ofTable 1finds that Sarah spent more time than Gavin on both tasks and generated about twice as
many mathematical relationships (30) as Gavin (14), despite the fact that she self-generated four fewer questions to
explore (8) than did Gavin (12).

In presenting these quantitative results, it is useful to note our earlier comments concerning the differences in the
tasks and how they might influence each solver’s explorative actions. While the Billiard Ball task appeared to work well
to help us study the solvers’ exploration strategies, the solvers were somewhat restricted in the range of mathematical
relationships that they were able to explore and develop (relationships about number of bounces, path length, and
intersections). In contrast, the Number Array task provided no such restrictions to the solvers and appeared to provide a
richer problem situation. As a result, the solvers explored and developed a greater range of mathematical relationships
for the Number Array task (relationships that included both spatial and operative properties of the numbers in the array)
than for the Billiard Ball task. The following sections examine in greater detail these results and hence, help clarify
and explain the individual differences between the solvers.

4.1. Results for the Billiard Ball task

In completing the Billiard Ball task, the solvers were able to explore various problem situations by inputting specific
values for the table’s dimensions and then running the simulation to “see” the corresponding path of the ball. Using
these self-generated simulation experiences, the solvers explored their evolving ideas about relationships involving
various table dimensions and the corresponding path of the ball.

These experiences served as conceptual foundations from which the solvers developed a variety of conjectures about
the relationships between the table’s dimensions and the subsequent path taken by the ball. These are summarized in
Table 2.

An examination ofTable 2indicates that Sarah developed almost twice as many mathematical relationships (11) as
did Gavin (6). This was primarily due to the fact that Sarah generated relationships for both the number of bounces
of the ball and the length of the path of the ball, in terms of the table dimensions. In contrast, Gavin focused only on
developing relationships between the number of bounces and the table dimensions.
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Table 2
Mathematical relationships generated by the solvers for the Billiard Ball task

Sarah Gavin

Relationships between the number of bounces (B) and the table dimensions (height =h and width =w)
1. The number of bounces is related to the ratio of the dimensions,h/w X X
2. The number of bounces is related to the difference in dimensions,h − w X
3. If h/w = 1/2 orw/h = 1/2, then the number of bounces is alwaysB = 3 X
4. If one of the dimensions is a factor of the other, thenh/w = p/q in reduced form andB = p + q X
5. If one of the dimensions is a factor of the other, then the ratio ofh andw is a constant,C

(eitherh/w = C or w/h = C) andB = C + 1
X

6. If one of the dimensions is a factor of the other (e.g.,h is a factor ofw), thenB = (h + w)/h X
7. If h andw are both even, then considerh/w = p/q in reduced form; then the number of

bounces isB = p + q
X

8. If h andw are both even, then the number of bounces isB = (h + w)/2 X
9. If h andw are both odd, then the number of bounces equals the sum ofh andw (B = h + w) X X
10. If h andw have no common factors, then the number of bounces equals the sum ofh and

w (B = h + w)
X X

Relationships between the length of the path (L) and the table dimensions (height =h and width =w)
11. If h andw have no common factors, then the lengthL equals the product ofh andw

(L = h × w)
X

12. If h andw are both even, thenL = max (h, w). X
13. If h andw are both even, thenL = (h × w)/2.
14. Both the number of Bouncesand the Length of the path are determined by the dimensions,

h andw.
X

15. If one of the dimensions is a factor of the other, thenh/w = p/q in reduced form. Then
B = p + q and L = max (h, w).

X

Total 11 6

While both students came up with relationships that were correct for most cases that they generated, neither student
was able to develop the most general forms of the relationships for the number of bounces (B) and path length (L) in
terms of the table dimensions of height (h) and width (w) and their Greatest Common Divisor (GCD):B = (h + w)/GCD
(h, w), L = (h × w)/GCD (h, w). In addition, neither student focused on finding relationships between the location of
the pocket into which the ball dropped and the table’s dimensions.

The students used different strategies in framing and carrying out their explorations. For example, Sarah made more
use of the computer table function than did Gavin. She started by generating several cases and a table of values to aid
her reflections. Based on her reflections on these results, she continued to develop rules for both the bounces of the
ball and the length of the path of the ball from these cases. The following paragraphs discuss illustrative episodes of
each student’s solution activity.

4.1.1. Sarah’s solution activity for the Billiard Ball task
Sarah initiated her solution activity by using the program to generate cases for tables having the following height

and width dimensions: 7× 3, 8× 1, 5× 3, 8× 2, and 8× 3. From these initial cases, Sarah developed relationships for
the number of bounces and the path length when either one or both of the table dimensions are odd numbers:B = h + w,
L = h × w.

Sarah: So, for 8 and 1, there will be 9 bounces. My path length will be 9 [runs test and gets 8 — surprise!]2 Something
off here. How about 8 and 3 — bounces, should be 1, 2 [counts] should be 9. I should be able to figure bounces
and length based on dimensions. [She reflects on the computer generated table of values for the following
cases: 8× 2, B = 5, L = 8; 5× 3, B = 8, L = 15; 7× 3, B = 10, L = 21; 8× 1, B = 9, L = 8; 8× 3, B = 11, L = 24].
Oh I messed up with all of these! [Reflection] Ah, for all but 8× 2, B is the sum of m and n. What is different
about that one from the others? The length is the product for each of these. . . So, B = sum of m and n, and
L = product of m and n, but neither is true for that one [8× 2]!

2 Comments within brackets indicate the researchers’ observations or inferences about the solver’s actions.
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While this rule worked for the particular odd-numbered dimensioned tables that Sarah had generated, she was aware
that the rule did not work for the case of an 8× 2 table, when one of the dimensions is a factor of the other. However,
her awareness did not extend to odd-dimensioned tables where one dimension was factor of the other. For example, in
the case of a table of dimension 5× 15, the correct answers for the number of bounces and the path length areB = 4
andL = 15, respectively; in comparison, Sarah’s rule would yield values ofB = 20 andL = 75.

Sarah further explored her rule for other cases:

Sarah: How aboutwhen both are odd, it seems to work [points to cases 7× 3 and 5× 3 in table] or when one is
even and one is odd [points to 8× 1 and 8× 3 cases in table], it works. Let’s tryboth even. So 8× 6 . . . [she
generates the case of an 8× 6 table]. Ah, so Bounces is. . . not 14 but 7, so — it looks to be 14/2, so, the rule
is (8 + 6)/2, its half the other. . ., cool. So, I bet it is the same with length, yes, length is 24, (8× 6)/2. So, we
have to divide by 2.

So, Sarah had extended her rule to the case where the both of the table dimensions are even numbers,B = (h + w)/2,
L = (h × w)/2. As was the case where both table dimensions are odd numbers, this rule for bounces and path lengths in
even-dimensioned tables does not work when one is a multiple of the other, such as the case of a table having dimensions
12× 36: the correct answers areB = 4 andL = 36, while Sarah’s rule would predict values ofB = (12 + 36)/2 = 24 for
the number of bounces andL = (12× 36)/2 = 216 for the path length. Moreover, the rule also does not work when the
dimensions have common factors other than 2: for example, in the case of a 12× 18 table, her rule would predict the
number of bounces byB = (12 + 18)/2 = 15, and the path length byL = (12× 18)/2 = 108; in comparison, the correct
answers for the 12× 18 table areB = 5 andL = 36.

After Sarah had developed these initial relationships, she increasingly used the computer to generate “test cases”
and in order to examine and verify her conjectures. In this way, she demonstrated a pattern in her reasoning that
was compatible with hypothesis-driven solution activity that we have observed in our earlier study (Cai & Cifarelli,
2005).

Sarah then explored a case of a table in which her original rule (thatB = h + w andL = h × w) did not work.

Sarah: How about an odd and even like 6× 3? Bounces should be 9. [She generates the case on the computer and gets
B = 3] . . . oh, my rule is so wrong!!My idea about one even and one odd does not work! [Several seconds of
reflection.]

Sarah: Let’s see, [several seconds of reflection]. . . oh, they are multiples. Is that why they are messed up?! My
bounces and path lengths do not follow this formula. It may have nothing to do with odd and even, it may have
to do with if ‘one goes into the other’.

Sarah: Ah, okay back to my original, for the 3 and 6, B = 3 and L = 6. What if they are both even like the 8 and 2?
Let’s try 8 and 4 — for 6 and 3 we had B = 3 and L = 6. Ah, B = 3, it always is 3 when 1/2 [h = 1/2w] so,
h/w = 1/2,B = 1 + 2 = 3, L = 6, ah, 6 is the largest of the 2 original dimensions. So, yes, for 8 and 4, we should
get B = 2 + 1 = 3 and L =that larger of 4 and 8, or 8 [she generates the values for 8× 4 table.] Yeah, I see it now.

In the episode above, Sarah extended her rule to include cases where the dimensions are in a 1:2 ratio. She then
started to consider fractions in general and conjectured that the rule should be expressed in terms of fractions of the
table’s dimensions.

Sarah: So, I had the 1/2 in both of these [points to 3× 6 and 8× 4 cases in her table] I think that I need to think of
them more generally as fractions!! So, all 1/2s have the same, 2/3 the same.. . . Let’s play with this idea.

Her conjecture that tables having equivalent ratios in the dimensions such as 3× 6 and 4× 8, 4× 6 and 2× 3, will
have the same number of bounces and the same path length values is only partially correct: it turns out that her idea is
correct for the number of the number of bouncesonly and is not correct for the path length. However, she never fully
explored the applicability of her rule for these kinds of situations such as tables of dimensions 2× 3 and 4× 6.

Sarah: So, fraction of n/m = 1/2, should get B = 3 and L = m where m = 2 is the larger of m and n, should be the same if
I flip it m/n = 1/2, then B = 3 and L = n where n is the larger of m and n. So, 1/3, 1 by 3. We should get B = 4 and



312 V.V. Cifarelli, J. Cai / Journal of Mathematical Behavior 24 (2005) 302–324

L = 3. [She generates the case of a 2× 6 table.] Yes! So, 2/6, should get B = 4, L = 6. [She generates the case of
2× 6 table.] Yes! How about 6/18? B = 4 and L = 18. [She generates the case of 6× 18 table and verifies her
conjecture.] So, it appears that fractions are it.

Sarah had extended her rule to include cases for tables where one dimension is a multiple of the other. In these cases,
h/w = p/q and the number of bounces is given byB = p + q and the path length is given byL = max (h, w). While her rule
applied in all of the cases she had generated (and indeed will always work when one of the dimensions is a multiple
of the other), she still never considered the case in which the dimensions have common factors, though neither of the
dimensions is a multiple of the other. For example, in the case of a table of dimensions 6× 15, the correct values for
bounces and path length are givenB = 7 andL = 30, respectively. Her rule would be correct in predicting the number
of bounces (6/15 = 2/5 andB = 2 + 5 = 7) but would under-predict the path length (L = 30) by a factor of 2 (L = max (6,
15) = 15).

4.1.2. Gavin’s solution activity for the Billiard Ball task
In contrast to Sarah’s strategy, Gavin focused entirely on developing relationships that only involved the number of

bounces of the ball and never considered the possibility that there might be relationships between the path length of the
ball and the table dimensions. He did not use the computer to generate new information as much as Sarah did; rather,
Gavin developed his own representational diagrams for keeping track of individual cases and only used the computer
as a check after he had manually “run through” each individual case by tracing a particular path on the computer screen
with his fingers (Fig. 4).

Gavin: For 9 and 4, you get [he traces the path on the screen and keeps count], I get 13 bounces [runs the case on the
computer]. Yes, that is right. [He computes results for cases of dimensions 9× 4, 11× 4, 13× 4 and makes his
own table of values] 9/4 goes to 13, 11/4 goes to 15, and 13/4 goes to 17. So, (reflects on pattern of differences)
15/4 should go to 19. [He generates a 15× 4 table on the computer and verifies his conjecture.]. . . Yeah! Yes
it works, very interesting!

Fig. 4. Gavin’s diagram for tables of odd height and width = 4.
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While Sarah demonstrated hypothesis-driven solution activity in her explorations, Gavin’s solution activity remained
within a very narrow conceptual focus. His goal was always to focus on differences among the numbers of bounce
values and look for patterns in these sequences of numbers. In generating his data, he developed sequences of cases by
holding constant the width of the table and varying the height values. Though he developed representational diagrams
for keeping track of data, his strategies were compatible with data-driven solution activity and he never progressed
beyond this level of reasoning.

For example, Gavin initially noticed that successive quantities in his table differed by a constant of +2 and stated a
relationship between the number of bounces and the corresponding table dimensions:

Gavin: Okay, so in the first 3 I had a constant change of +2 [points to his calculations: 9/4 = 13, 11/4 = 15, 13/4 = 17],
so that is what I think the pattern is. So, I expect that the next one, 15/4 goes to 19 [he generates a 15× 4 table
and verifies his conjecture]. Okay!! How about some others, maybe there are more patterns? What about 8/1,
it goes to 9, and 9/1 goes to 10, a change of +1. So I expect that 10/1 goes to 11. Let’s see! [he generates a
10× 1 table on the computer] yes, that difference also works.

Gavin continued to investigate these patterns in other cases (Figs. 5 and 6).

Gavin: So, 10/4 is 7, 9/4 is 13, then I expect 8/4 to be 8, which is 6 less than 13 [sic] [he appeared to make a counting
error here in computing the difference; he generates an 8× 4 table on the computer and is surprised at the
answer, B = 3]. I thought that 8/4 should be 8, not sure here. . . [several seconds of reflection] what is true in
these last 3 numbers? The difference idea worked over here [points to his prior calculations: 9/4 = 13, 11/4 = 15,
13/4 = 17].

Gavin: Okay, so 1/4 goes to 5, 2/4 goes to 3, 3/4 goes to 7, 5/4 goes to 9. . ., then we keep getting the +2 for odds, 7
and 9 gives 11, 13.

Gavin: Okay, I think I see, so I do get the pattern of differences of 2 each time, but I have to remember that I need
to sum the 2 numbers and divide by the factor if one is a multiple of the other. So, let’s look at 3 and see if it
works. For 6/3 we get (6 + 3)/3 = 3 bounces. This is the pattern — I only need to remember what to do when
one is a factor of the other!

Gavin then updated his earlier set of values for bounces in tables having width = 4.

Gavin: Let’s try these again with the program and see what we get. [He generates a pattern for 8/4, 9/4, 10/4, 11/4.]
Why do we get 8/4 = 3?. . . Oh, I see, when this number here divides into the other, we get 3; so 8/4 = 2+1 = 3
should be the bounces. I see it now!

Gavin: So, if the number is not a multiple of the other, then we can use the difference pattern that we used before. So,
for 10/4, it goes to 7. 14/4 goes to 9, a difference of +2. So, 18/4 should go to 11. [He generates the case on
the computer.] Yeah, that looks like the rule.

Gavin: Okay so with all of the multiples we have, 8/4 is 3, 12/4 is 4, 16/4 is 5, 20/4 is 6, a difference of +1 each time
for the difference. So, we divided by the 4 and add +1 to get the bounces.

So Gavin had developed a rule that appeared to work for even-numbered height values and width values of 4 and
3. Gavin completed his work on the BOUNCE task by consolidating his results into a single rule (Fig. 7).

Gavin: Okay I think I see it now! For odd, we always have this pattern 5, 7,. . ., 17 bounces. And for even we always
get these number of bounces. So, now I see the problem. . ., when one is a multiple of the other like 8/4, 12/4,
16/4, they increase just by +1 each time. So, the bounces are 3, 4, and 5 for these and we still have the +2
change for 2/4, 6/4, 10/4, and 14/4 — we get bounces of 3,5,7,9 in these!

Gavin: I only checked when I had this common 4, what about some other numbers. . . let’s try 3.
Gavin: So, 1/3 gives 4, 2/3 gives 5, [he skips the case for 3/3] 4/3 goes to 7, 6/3 is 9 wait a minute. . . no, that is the

pattern! That when it is a multiple of the number, then we have it like (6 + 3)/3 = 2 +1 more like before with the
4s!! So, 6/3 should be 3. [He generates a 6× 3 table on the computer and verifies his conjecture.] Yes, I cannot
forget that because it is the same every time, no matter if you have 4, 3 or some other number, the bounces will
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Fig. 5. Gavin’s diagram for tables of width = 4.

be +1 more than the quotient because it is (6 + 3)/3 = 6/3 + 3/3, that is why it is +1 more than the quotient. So
12/3 should be (12 + 3)/3 = 5. [He generates a 12× 3 table on the computer and verifies his conjecture.] Yes,
it works.

4.1.3. Summary of results for the Billiard Ball task
In terms of general structuring activity, the students’ explorations were somewhat compatible with what we found

in the earlier study. They could self-generate questions to investigate, formulate appropriate goals for their actions, and
carry out the necessary actions to answer their questions.

One of our research questions concerns the ways that students develop their initial ideas into conjectures and goals
of action. The categories of reasoning that we identified in the earlier study appear to be useful in explaining dif-
ferences between Sarah and Gavin for the Billiard Ball task. Specifically, Sarah demonstrated reasoning compatible
with hypothesis-driven solution activity while Gavin’s solution activity indicated more of a data-driven approach.
Hence, for the Billiard Ball task, we were able to establish some consistency in the processes of mathematical
exploration.
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Fig. 6. Gavin’s diagram for tables of width = 3.

4.2. Results for the Number Array task

Working within the Number Array task provided the subjects with opportunities to explore a variety of situations,
from which they were able to develop mathematical relationships. Since the Number Array task differed in structure
and context from the Billiard Ball task, we were particularly interested in seeing how the different task demands might
stimulate and impact on the students’ explorations.

The students generated mathematical relationships that involved the spatial and structural arrangement of the num-
bers, patterns involving operations on the numbers, and relationships about number sequences. These are summarized
in Table 3.

FromTable 3we see that the students generated similar relationships having to do with the spatial arrangements of
the numbers. These are typical relationships that we would expect most of our students to easily identify. For example,
both students recognized that each column and row of the array was a multiple of the previous column or row, that
the numbers on the main diagonal was a list of square numbers, and that the numbers off the diagonal were arranged
symmetrically about the diagonal.

As the students became more familiar with the array, they began to develop relationships involving operations on
the numbers themselves. For example, both students recognized that every 2× 2 block of numbers had the property
that the sum of the numbers on opposite corners of the block differed by 1. While there was some compatibility in the
relationships they developed, Sarah proceeded to develop more sophisticated relationships than Gavin, having to do
with number sequences that she generated from her operations on the rows and columns.

The following paragraphs discuss illustrative episodes of each solver’s solution activity, focusing on the solver’s
development of relationships that involved operations, including addition and multiplication operations as well as the
more sophisticated relationships involving blocks and number sequences.

4.2.1. Sarah’s solution activity for the Number Array task
After developing some simple spatial relationships, Sarah focused on operations on the numbers and quickly

developed a method for finding the sum of entries in any rectangular block of numbers. Her method involved multiplying
together the sums of row and column numbers.



316 V.V. Cifarelli, J. Cai / Journal of Mathematical Behavior 24 (2005) 302–324

Fig. 7. Gavin’s revised pattern for tables of even height and width = 4.

Sarah: I am looking at columns now, columns 4 and 5 gives me column 9. So, sum of 2 individual columns gives
column of the sum of the 2 numbers. That appears to work everywhere, so here [she circles the rectangular
block [3,4,5:6,8,10]3]. The numbers add to,3 + 4 + 5 = 12,plus6 + 8 + 10 = 24more, so 36. . . or, the sum of

3 In order to refer to the blocks of numbers in the array that students explored, we use a bracket notation that lists the top-to-bottom rows of the
particular block. For example, the 2× 2 block in the uppermost left position of the array is indicated by the sequence [1,2:2,4].
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Table 3
Mathematical relationships generated by the solvers for the Number Array task

Sarah Gavin

Relationships about the spatial arrangement of numbers
1. Numbers in each column and row are multiples of 1, 2, 3, 4,. . ., 10 X X
2. The numbers in each column constitute an arithmetic progression (same for rows) X X
3. All numbers on the main diagonal are square numbers, i.e., 1, 4, 9, 16, 25,. . ., 100 X X
4. The numbers are symmetrically arranged with respect to the main diagonal, moving

down from left to right (e.g., 2–2, 3–4–3, 4–6–6–4, etc.)
X X

Relationships about the sums of the numbers
5. The sum of all numbers in each row or column is a multiple of 55. X
6. Sum of individual rows of the table is the row of the sum of the rows X
7. The difference between sums of numbers on opposite corners of any 2× 2 block is 1. X X
8. The sum of the two numbers in a row or column located symmetrically about a pivot

is two times the pivot number.
X X

9. The difference between the sums of the numbers on opposite corners of a rectangular
block having row and column length ofm andn is m × n.

X

10. The sum of numbers in square blocks along the main diagonal can be computed using
corresponding row and column entries.

X

11. The sum of numbers in a rectangular block can be computed using row and column
numbers: sum of entries = (sum of rows)× (sum of columns)

X

Relationships about the products of the numbers
12. The number in themth row andnth column ism × n X X
13. For any rectangle, the product of the diagonal end numbers is equal. X
14. If the rectangle is a square, the product of both diagonals is equal. X X

Relationships about number sequences
15. Moving down the main diagonal, the individual sums of all 2× 2 blocks are squares X
16. The sum of entries in all 2× 2 blocks along the top row is 9 + 6 (n − 2), n = right

column number of the block
X

17. The sum of entries in all 3× 3 blocks along the top row is 36 + 18 (n − 2), n = right
column number of the block

X

18. The sum of entries in all 4× 4 blocks along the top row is 100 + 40 (n − 2), n = right
column number of the block

X

19. Starting at 1, the sum of the entries in anyN X N block along the main diagonal equals
the square of the sum of the column numbers

X

Total 19 8

the rows = 1 + 2, or 3times the sum of columns,3 + 4 + 5, to get 36, it’s thesame! I canfind the sum of any
block just by adding the rows and columns and multiplying. Now I did not expect that!

Sarah generated novel sequences of numbers from her operations on the numbers in various blocks and then
inferred some patterns from these sequences and so developed some sophisticated relationships about the array. Sarah’s
development of more sophisticated relationships commenced when she decided to examine the effect on her operations,
of making simple transformations on the 2× 2 blocks along the diagonal of the array (Fig. 8).

Sarah: What about these squares on the diagonal? Okay I am looking at one 2× 2 up here,. . . at the left and move
down systematically. Let’s look at all of these. Well, what about sums of these?I already said about sums of
columns and rows, but . . . I wonder if there is anything about the overall sums in square blocks? Let’s look
at some 2× 2s again,. . . how about the first 4 2× 2s that start at the left corner. [She circles blocks [1,2:2,4],
[2,3:4,6], [3,4:6,8], and [4,5:8,10]].

With her action on the 2× 2 blocks, Sarah had posed a new problem to explore: to find a relationship between the
sums of entries in square blocks, and the corresponding row and column numbers of the array. She first developed the
idea that the sums of the block entries will increase by +6 when the block is translated 1 unit, either to the right or
down.
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Fig. 8. Sarah’s sequence of diagonal 2× 2 blocks.

Sarah: So, I get [she adds each of the diagonal entries in the first 2× 2 block [1,2:2,4]]5 + 4 = 9,[she points to the
next 2× 2 block that is located +1 unit to right [2,3:4,6]], so8 + 7 = 15. . . they are increasing by 6 each time,
get 21 and 27 as sums of the 4 2× 2s. So it appears to increase by 6 each time I move right one. What if I
move down 1? So, 2–3–4–6 should be the same as 2–4–3–6,. . . yeah it works. So, starting at the upper left,
moving one unit in any direction for 2× 2s increases the sum by 6.

She examined similar cases of translation for 3× 3 and 4× 4 blocks along the diagonal and generated similar
relationships for those cases.

Sarah: So, what if I have a 3× 3 up here in left? [She circles block [1,2,3:2,4,6:3,6,9].] I get [adds each column]
6 + 12 + 18 = 36 in the first one up here. So, if I look at the next 3× 3 by moving one unit to right, then I get this
one here, [circles block [2,3,4:4,6,8:6,9,12] and finds sum of each column] it is 12 + 18 + 24, it adds to. . . 54,
an increase of 18 over the first one. So, you will always get an increase of 18. . . because in going to the next
one, I dropped off the first column [1 + 2 + 3 = 6]from the original total of 36 to get 30, then added the new
column [4 + 8 + 12 = 24] and got 54, or anincrease of 18. And for the next one, I should get 54 + 18 = 72. . .

because I drop off2 + 4 + 6 = 12 and add on 5 + 10 + 15 = 30, to get 72.Cool! So, now for 2× 2, we had increase
of 6 each time we moved over or down. For 3× 3, we had an increase of 18 in the sum of the numbers each
time we moved up or down. For 4× 4, I don’t know. [Circles the block [1,2,3,4:2,4,6,8:3,6,9,12:4,8,12,16]].

Sarah: Okay, so this column is 10, this one is 20, this is 30 and then we get 40, so it totals 100. If I move straight
down to this second one, then the first row is gone, it added to 10, but now I pick up the new row, it adds to
50, so there is an increase of 50− 10 or 40, so we should get 140. The next one should be 180. [She traces and
checks.] Yeah, it works. I am sure it will be similar for 5× 5 and so on.

Sarah reflected on her results and looked for other relationships that involved the sums of the entries in the square
blocks.

Sarah: Let’s see. . . (long reflection). . . I was wondering about those square numbers on the diagonal going from left
to right. They seem to relate to the dimension of the square blocks,. . . I don’t know, . . .. Maybe they relate to
the sums of these blocks I had earlier [Points to the 2× 2, 3× 3, 4× 4 blocks]. So, let’s check it.

Sarah proceeded to examine the sum of the entries of eachN × N block that contained the square numbers on the
diagonal and she developed an informal method to find the sums of the entries of allN × N blocks going down the
main diagonal.

Sarah: So, for a 1× 1, I get a sum of 1. [Points to the sequence of square numbers on the diagonal] For a 2× 2 [points
to [1,2:2,4]], I get a sum of 9. . . but what happened to 4? It appears to have beenskipped?! [Several seconds
of reflection.] Okay, let me try this, I will write down the sequence of squares of all numbers, all in a row.
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[She writes the following sequence of square numbers: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196,
2251.] So, the first number, 1, tells the sum of the very first matrix, a 1× 1. And the first 2× 2 has a sum of 9.
. . . So, Iskipped over 4 to get the next sum [crosses out the 4 in the sequence], going from 1× 1 to a 2× 2, a
sum of 9. The 4 getsskipped? Interesting!

Sarah’s use of a “skip” method helped framed her subsequent solution actions and thus was interpreted as an example
of metaphorical structuring: in addition to giving her method the name “skipping”, the term also represented for Sarah
the solution process involved. Sarah was able to generalize her “skip” method to generate the sequence of sums of the
entries of allN × N blocks.

Sarah: So, for the first 3× 3 [points to [1,2,3:2,4,6:3,6,9]], I already did this over here, so it is 36. So, in going from
the 1× 1 to the 2× 2 to the 3× 3, we go from 1, to 9, to 36, so we skipped over the 16 and the 25 [she crosses
out the 16 and 25 in the square number sequence], a skip of 2 in this sequence!! So, okay, if this is true, then
it looks like we will skip over the next 3 square numbers, and that should tell us the sum for a 4× 4 should be
equal to 100. [She crosses out the next 3 in the sequence after 25–36, 49, 81.] That is what I have over here!!
Cool! So, for a 5× 5, we skip over the next 4 numbers in the sequence, [points to the sequence 121, 144, 169,
196)] and get 225. Yes! I got that one earlier for the 5× 5.

Sarah had developed a method for computing the sum of the entries of allN × N matrices down the diagonal of the
array. Upon further exploration of her informal method, she was able to generalize to a more powerful method that
involved operations of the row and column numbers of eachN × N array.

Sarah: I wonder why this skipping works? Let’s see it another way, for the 6× 6, we add the rows 21 + 42+··· + 126 = 21
(1 + 2 + 3 + 4 + 5 + 6) = 21× 21 = 441. Do we get 441 by skipping the next 5 in the square sequence? [She
checks her original sequence and crosses out the corresponding ‘skips’, and gets 441 as the next number in the
sequence.] But also, I notice that 21 over here [she points to the factored form 21·(1 + 2 + 3 + 4 + 5 + 6)] is the
sum of the first 6 numbers in that first row. Yes! So to find the sum of these N× N blocks, I bet you just need
to look at the sum of 1 to N and then square that total to get the sum. Let’s try a big one, say 8× 8. So, I guess
that it would be. . .. 1 + 2 +··· + 8 = 362, I don’t know why I am adding these individual since I know that the
sum is (8× 9)/2, and then I take 36? So that comes out to be. . . 1296.

Sarah: And does it check with my skipping over here? Let’s see, so for 8× 8 I first skip 6 over 21 to get 282 for 7× 7,
and then skip 7 more to get the one for 8× 8, . . . so 7 more is 35, and the next one is 36! So my algorithm seems
to work! The algorithm is pretty efficient for larger numbers, beyond all of these — how about a 100× 100
grid! — But I thought that the skipping relationship was pretty cool!

4.2.2. Gavin’s solution activity for the Number Array task
Gavin started by noticing some general relationships about the numbers in the array, including basic symmetries

among the numbers and simple sums of row and column entries.

Gavin: Each column is a multiple of the first, and I think, yes, it is the same for rows. We have 1,2,3,4,. . . okay, the
diagonal down left to right is the square of the first row.

Gavin: If we add rows 1, 2, and 4, we get the 7th row. That is interesting, looks to be the same for columns. Let me
check it yes, it works. So, if we add individual rows or columns, we get the row or column of the sum. That
works everywhere.

Gavin: The diagonal of square numbers. It looks like we have symmetry on each side of it. Symmetry both as individual
numbers as well as a string of numbers. So, 2–2 on each side, then 4–6 and 6–4, then 5–8 and 8–5,. . . there
is symmetry all over both sides of the diagonal.

Gavin: And the numbers in each row or column progress by the same number, +1 in row 1, +2 in row two and so on
. . . And that is also true for the columns.
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Gavin proceeded to consider relationships that involved operations, beginning with the idea that the array of numbers
comprised a multiplication table.

Gavin: Now also I see, like the addition of rows idea, that we can also multiply the numbers. Yes, of course, 4 in the
first row and 2 down along the first column, I get the product 4× 2 but just finding the vertical and horizontal
crossing point — it crosses in the table at 8. So, 9× 8 [traces from each of these and points to 72]. So, it is just
a multiplication table of numbers.

He continued to explore operations by considering sums and products in 2× 2 blocks.

Gavin: Maybe I can find something else interesting. Okay, any 2× 2 square [circles the block [1,2:2,4]], I have that if
I add the sum of the opposite corner numbers and then subtract, the difference will be 1. That is true here but
what about everywhere else? [checks the blocks [30,36:35,42] and [56,64:63,72]]. Yeah it works everywhere.

Gavin: What if I multiply those corner numbers? In the first one [points to the block [1,2:2,4]], I get 2 times 2 and
1 times 4, so the numbers are equal there for the easy one. Let’s try these bigger numbers [points the blocks
[30,36:35,42] and [56,64:63,72]]. So, 30 times 42, I need a calculator, no I don’t, it is 1260 and 35× 36, yes,
I get 1260 again. So I expect that the products of these corner numbers in any 2× 2 are equal.

Gavin continued to explore operations by considering some products in 3× 3 blocks. He then considered other
types of multiplication properties and developed the idea of “pivot” numbers in any 3× 3 block.

Gavin: I wonder if there is something similar for products in larger blocks? [Reflection.] Let’s try this one, a 3× 3 over
here [traces the block [2,4,6:3,6,9:4,8,12]]. Okay so I have 2× 12 = 24, and 4× 6 = 24, so yes, it looks like this
will work for all squares also. [Reflection.] But I also noticed that, yes if I multiply all of the numbers on the
diagonals, 2× 6× 12 = 144 and 4× 6 = 24× 6 = 144, so we get equality for multiplying all of the numbers on
the diagonal. Interesting.

Gavin: If I say with diagonals, how about there may be other kinds of products. In this one 3× 3 here [points to
the block [2,4,6:3,6,9:4,8,12]], that middle 6 looks interesting, maybe it relates to other sums and products.
[Reflection.]

Gavin: I notice that 6 is exactly 1/2 times (4 + 8) or (3 + 9),. . . so two times that middle number is the sum of the
other two in the row or column. [Reflection.] I am not sure about that one,. . . let’s check it one of these other
3× 3 [circles the block [16,20,24:20,25,30:24,30,36]]. So 25 is the middle number, and I will check the sums
of the row and column number on either side. So 20 + 30 = 50 for the column and that works, it is two times
25. And for the row, I have the same sum, 20 + 30 = 50. So, for all 3× 3 blocks, that middle number times two
gives the sum of the other two numbers in the row or column.

With the exception of the relationship about the role of the middle pivot number, Gavin’s relationships were fairly
basic and not as sophisticated as those developed by Sarah. Moreover, his relationships never involved general ideas
or operations that extended to number quantities beyond the 10× 10 array.

4.2.3. Summary of results for the Number Array task
While there is some agreement between the results reported here and those of the original study, we noted some

ways that the solvers’ solutions of the Number Array task appeared to differ from our findings in the original study.
First, in noting the different structures and contexts between the Billiard Ball and Number Array tasks, we observed
that the students were required to generate much more information on their own in solving the Number Array task than
they did in solving the Billiard Ball task. Sarah, through her hypothesis-based reasoning, responded more positively to
this challenge than did Gavin, who maintained the same data-driven approach in his reasoning as he had in solving the
Billiard Ball task. As a result, for the Number Array task, we observed a wider conceptual gap between the levels of
solution activity that the solvers demonstrated. These ranged from Gavin’s consistently low-level explorations about
basic arithmetic operations on actual numbers in the array to Sarah’s more abstract transformation of an informal
idiosyncratic “skipping” method into a more formal algorithm. Second, Sarah’s development of an informal method
into a formal algorithm appeared to involve a type of multi-faceted generalization that we did not observe in the earlier
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study: generalization from simple to more complicated numerical cases as well as generalization from informal to
formal levels of operation. We will discuss the implications of these findings in Section5.

5. Discussion

In discussing the results of the study, we return to the original three research questions and how the results of the
study helped us extend the results from our earlier studies.

5.1. How do solvers structure and make sense of the problem situations they face?

We found some evidence of consistency in the problem posing–solving chains that we initially hypothesized. In the
original study, we viewed structure in terms of problem posing and solving chains. Since the Billiard Ball and Number
Array tasks were unfamiliar to the students, their problem posing and solving appeared to evolve simultaneously, each
informing and serving as a catalyst for the other as solution activity progressed. This finding is compatible withDavis’
(1985) findings that during sustained mathematical investigations, “problem formulation and problem solution go hand
in hand, each eliciting the other as the investigation progresses” (Davis, 1985, p. 23).

The student’s evolving ideas of what their current problem involved served as opportunities for each to pose new
problems or re-formulate previous problems; in most cases, these self-generated questions placed the prior problem
into a broader perspective that had profound influence on their overall solution activity, thus establishing an on-going
connection between their problem posing and problem solving (Brown & Walter, 1993). This was especially evident in
Sarah’s solution of the Number Array problem when her problem about sums of entries in simple rectangular blocks,
evolved into more sophisticated problems about finding sums of entries in anyN × N square blocks that extended
beyond the actual 10× 10 array. This appeared to be an example of within-problem posing in which the problem under
consideration evolves in terms of scope and complexity (Silver, 1994; Silver & Cai, 1996).

We noted some ways that the solvers used different strategies in carrying out their explorations. First, in solving
the Billiard Ball task, Sarah made use of the computer to organize her initial explorations while Gavin focused on
simple differences in the number of bounces and developed his own diagrams to organize and keep track of the
data. These strategies indicate different structuring actions. In contrast to Sarah, Gavin focused almost entirely on
looking for patterns of differences in the number of bounces for various table dimensions. His strategies for developing
relationships never advanced beyond the idea of looking for patterns in cases of tables having simple odd- and even-
numbered dimensions. Second, on the Number Array task, we noted how the solvers formulated and developed their
problems. Gavin never ventured beyond consideration of the basic spatial arrangements of numbers nor did he develop
ideas about operations beyond his simple arithmetic operations of numbers in the array. In contrast, Sarah considered
several sophisticated problems as she posed problems that went beyond the actual array. Furthermore, she developed
relationships that corresponded to her own structuring of the blocks (e.g., when she considered how the sum of entries in
anN × N block would change if she “moved” the block down or to the right by one unit). This idiosyncratic structuring
activity enabled Sarah to formulate situations to explore that were more sophisticated than Gavin’s problems and
suggested a form of structuring that we did not observe in the original study.

In addition to these general findings of compatibility with the earlier study, we wish to highlight a major finding
relating to Sarah’s structuring activity, demonstrated while she solved the Number Array task. First, Sarah’s progressive
development of her skipping method for computing sums ofN × N blocks was interpreted as an example of metaphorical
structuring. She invoked the use of a metaphor, “skipping”, to give meaning to her subsequent solution actions. With
these idiosyncratic actions she related the problem of finding the sum of entries in anN × N block to a process of
“skipping” or traversing through a sequence of square numbers. In this way she had developed an informal method.
She further developed the idea by checking its applicability with simple cases and then imposed the metaphor into
her subsequent investigations. This finding is consistent with research that identifies informal methods as playing a
prominent role in the development of formal algorithms (Cai, Moyer, & McLaughlin, 1998). Second, her subsequent
development of the algorithm involved a subtle shifting of her attention from validation and verification that came with
carrying out the method (demonstrating its applicability for 2× 2, 3× 3, and 4× 4) to efficacy considerations (why it
appeared to work for the cases she generated). This shift provided for her an opportunity to unfold the process, and relate
her informal method to operations on the row and column numbers, a result that yielded increased computational power.
As a result, she was able to generalize the method from primitive skipping within a sequence to a more formal algorithm



322 V.V. Cifarelli, J. Cai / Journal of Mathematical Behavior 24 (2005) 302–324

Fig. 9. Structure of mathematical exploration in open-ended problem situations.

that was much more efficient for consideringN × N blocks beyond the 10× 10 array. This two-phase development
demonstrates generalization that encompasses both informal and formal solution activity, a kind of generalization we
did not see in the earlier study. She generalized in two senses: first, in terms of moving from simple to more complicated
cases (blocks ranging from 3× 3 to 100× 100); and second, in terms of a transformation of an informal algorithm into
a formal algorithm. These subtle shifts of reflective focus by solvers have been hypothesized by researchers (Lobato,
Ellis, & Munoz, 2003; Mason, 1995), but not explained in developmental terms as discussed here. In this way, this
finding extends the earlier study by refining the processes by which generalizations are made. The implication of this
finding is that we now have a broader basis with which to judge abstract activity.

We now summarize our current understandings about the general relationships among the major categories of
exploration processes (Fig. 9).

Our model addresses some central problem-solving issues. First, we take the position that mathematical exploration
involves varying degrees of sense making, problem posing, and problem solving. The arrows indicate the general pro-
gression of the phases; the dotted and solid boundaries represent the openness and closure that the solver demonstrates
in her/his mathematical activity. Second, we believe that mathematical exploration is a recursive process, whereby the
solver’s reflection on the results of solution activity provides her or him with opportunities to formulate new problems
to explore and solve.Fig. 9 indicates this recursive process wherein the solver’s reflection on the results of solution
activity serves as a source of new problems for the solver to consider.

5.2. How do solvers develop their initial ideas and intuitions into conjectures and goals for action?

As in the earlier study, we saw instances of hypothesis-driven and data-driven reasoning in the solvers. Gavin
appeared to follow a data-driven strategy in solving the tasks. In contrast, Sarah demonstrated hypothesis-driven
activity in solving both tasks.

The inclusion of a new task, the Number Array tasks, gave the solvers more opportunities to open up their problem
posing; this feature allowed us to view a greater range of solution activity, and hence view each of these classifications
in a new light. For example, from our analysis of Sarah’s solution activity, we begin to see a host of different roles
that hypotheses play in framing hypothesis-based solution activity. Rather than mere examination of general “what if”
questions, Sarah’s ideas involved novel sequences of transformations of the various blocks and developing from them,
relationships with the sequence of squares of integers. These transformations included both formal as well as informal
properties, and encompassed at least two levels of generalization.

In a similar way, our analysis adds some refinement of the data-driven category of reasoning. For example, in our
description of Gavin’s lower level solution activity as data-driven, we found that Gavin did indeed progress somewhat
in his explorations from low-level recognitions of spatial symmetry to relationships that involved arithmetic opera-
tions on the actual numbers. So, data-driven strategies can stimulate the development of progressively sophisticated
relationships; however, we need to make a distinction between limiting one’s exploratory focus to actual givens (e.g.,
Gavin’s simple arithmetic operations on the actual 100 entries of the array) to consideration of more general quantities
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that involve transformations of the givens (e.g., Sarah’s idea that she could easily compute the sum of entries in a
100× 100 block).

5.3. How do solvers continually monitor and modify their problem-solving actions in open-ended problem
situations?

As previously stated, we have examined this question with a view to developing explanations of how problem posing
and solving may co-evolve in the course of solution activity. The results of the current study extended our prior result
in two ways. In addition to compatibility with the results of earlier study in terms of general evolution processes in
problem posing and solving, the results of the current study extend our knowledge of the various ways that the solvers
“open up” in their actions. We observed little of this opening-up in the Billiard Ball task, where the solvers’ conceptual
advances were gradual and somewhat incremental: both solvers systematically studied several illustrative cases and
then developed their relationships on these preliminary actions. Sarah’s relationships that she developed from solving
the Billiard Ball task were only marginally more sophisticated that those developed by Gavin, in the sense that she
considered relationships for both the number of bounces and the path length. However, in solving the Number Array
task, Sarah appeared to shift the overall context and focus of her explorations from examining issues related to validation
of relationships (e.g., the problem of relating sums of rectangular blocks to row and column numbers) to determining
efficacy for the application of particular relationships (e.g., the problem of why her skipping method actually worked!).
This shift in problem formulation from questions of validation (developing the method by testing several actual cases) to
questions of efficacy (the range of applicability of the method in new situations) illustrates an important sense-making
role that problem posing can play as solvers look to develop increased awareness of their problem-solving actions.

In contrast, Gavin never changed the focus of his explorations in solving the tasks. While solving the Billiard Ball
task, he never broadened his focus beyond the idea of finding patterns from simple cases and always looked for the
same kinds of patterns. In solving the Number Array task, he never considered possibilities for relationships of the
numbers beyond the specifics of the actual array.

6. Summary and future directions

In this paper, we identified some of the ways that solvers develop novelty in their problem-solving actions in open-
ended problem situations. The findings are consistent with research on open-ended problem solving suggesting that
there is conceptual benefit from having students solve open-ended mathematics problems (Becker & Shimada, 1997;
Silver, 1994). While we do not view the results as exhaustive, we believe that they improve our explanations of how
mathematical knowledge evolves in the course of on-going mathematical activity, when solvers have the opportunity
to generate their own problems to solve. We believe that the results contribute to research on mathematical problem
solving in the following ways.

First, the current study provided some replication and confirmation of the findings of the earlier study. As a result, we
have introduced a preliminary model of the general structure of mathematical exploration in terms of problem-posing
and -solving processes.

Second, the inclusion of a new task in the current study enabled us to broaden our understanding of the individual
processes of mathematical exploration. In particular, we have refined our earlier explanations of hypothesis-driven and
data-driven reasoning to include additional sub-categories. In our future studies, we will look to further our development
of each of these categories of processes.

Third, we observed abstract levels of solution activity beyond those of the original study. Sarah’s multi-faceted
generalization of her “skipping” method demonstrated a level of generalization that we did not observe in our ear-
lier studies. The implication of this finding is that we now have a wider conceptual landscape with which to judge
abstractness of solution activity.

Finally, the findings related to Sarah’s development of her informal method highlight the importance of informal
idiosyncratic methods in the development of solution activity. While we were not able to determine with certainty the
depth of Sarah’s understanding of why her new method worked successfully, she nevertheless was able to make some
impressive conceptual advancements. In this way, Sarah’s evolution of her solution activity from informal relationships
to her invention of an algorithm suggests some important ways that solvers can stretch their conceptual boundaries
when engaged in open-ended problem situations.
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Our future work in this area will focus on testing and updating our model of the processes of mathematical exploration
within a wider context, to include open-ended problem tasks with students in formal instructional settings. While
the current study explained how solvers’ cognitive actions can inform their evolving understanding, enabling them
to actively seek out new problems to solve, more explanation is needed concerning the ways their cognitive actions
influence their strategic and managerial actions. In particular, studies are needed to characterize the complex interaction
of the solvers’ cognitive and meta-cognitive processes in mathematical exploration.
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